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Abstract

Crack initiation emerges due to a combination of elasticity, plasticity, and disorder,
and it displays strong dependence on the material’s microstructural details. The
characterization of the structural uncertainty in the original microstructure is typically
empirical and systematic characterization protocols are lacking. In this paper, we
propose an investigational tool in the form of the curvature of an ellipsoidal notch:
As the radius of curvature at the notch increases, there is a dynamic phase transition
from notch-induced crack initiation to disorder-induced crack nucleation. We argue
that the this transition may unveil the characteristic length scale of structural disorder in the
material. We investigate brittle but elastoplastic metals with continuum, microstructural
disorder that could originate in a manufacturing process, such as alloying. We perform
extensive and realistic simulations, using a phase-field approach coupled to crystal plasticity,
where microstructural disorder and notch width are systematically varied. We identify the
brittle-to-quasi-brittle transition for various disorder strengths in terms of the damage and
stress evolution. Moreover, we investigate precursors to crack initiation that we quantify in
terms of the expected stress drops during displacement control loading.

Keywords: Microstructural disorder, Crack initiation, Fractals, quasi-brittle fracture, DAMASK,
Avalanches

Introduction
Fracture mechanics of intermetallic materials and other alloys and superalloys remains

a critical topic of discussion in the research of mechanical fatigue and fracture. The ne-

cessity of intermetallics and superalloys originates in their use for high-temperature

applications and components such as gas turbine blades and automobiles (Clemens

and Mayer 2013; Stoloff et al. 2000; Kim 1994, and Kim and Dimiduk 1991). Potential

applications have spanned from the aerospace industry to electronic devices. While

alloying process may lead to excellent mechanical properties like increased oxidation

resistance and resistance to creep, it also introduces uncertainty in the form of

quenched structural disorder in the material microstructure. For example, ranging over

several orders of magnitude, intermetallics display strong variability in strength and

other material properties (see also Additional file 1) (Campbell et al. 1999; Dimiduk

1999; Kim 1994, and Kim and Dimiduk 1991). For example, in Titanium Aluminide

(TiAl)-based alloys, grain sizes can be as small as 2 μm (for fine-grained Ti-rich Ti-Al
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alloy compacts) due to powder metallurgical processes (Vajpai and Ameyama 2013;

Lapin 2009) and as large as 800 μm due to conventional casting methods and additional

alloy compounds like TiB2 (see Additional file 1) (Han et al. 2015; Hu 2001). Similar to

TiAl, Nickel Aluminide (NiAl)-based alloys and Inconel express similar microstructural

length scale characteristics (see also Additional file 1) (Zhu et al. 2018; Herbold et al.

2011). Due to the very presence of this structural disorder, alloys display stochastic frac-

ture characteristics, especially when cracks can be labeled “short”. The range of fatigue

growth rates for short cracks may extend well beyond 4 orders of magnitude (approxi-

mately 10− 11 to 10− 6 m/cycle) (see Additional file 1) (Ritchie and Peters 2001). It is nat-

ural to interpret these wide-ranging short-crack-growth rates as being an outcome of

alloying disorder and thus, may be associated to avalanche precursors in fatigue, analo-

gous to analogous phenomena in various complex systems (Papanikolaou et al. 2017).

In this paper, we discuss in detail how such stochastic fracture, and its avalanche pre-

cursors, can emerge in a model material with relatively realistic parameters and we ex-

plore the possibility of characterizing and quantifying the structural disorder in a

statistical manner by locating a naturally-occuring brittle-to-quasi-brittle dynamical

transition.

Microstructural heterogeneity is an unavoidable effect that originates in the multiple

processes used during manufacturing of alloys. In analogy to other disordered many-

body systems, it is natural to envision that this material heterogeneity gives rise to

abrupt crack-growth events, especially at short length scales compared to the micro-

structural heterogeneity. Given the limited statistical sampling of short crack growth in

mechanical components, it is imperative to clarify ways and protocols that can capture,

controllably and systematically, this precursor behavior to fracture. We envision an ex-

perimental protocol for identifying and controlling the onset of such precursor events.

In order to pursue such a protocol, we utilize a model material which could be consid-

ered a simplification of an intermetallic alloy. It is well recognized that alloys such as

NiAl may contain multiphase variability at a length scale of few microns as a result of

alloying processes (Wang et al. 2016; Herbold et al. 2011, and Lay and Yavari 1996).

We model this structural disorder as a continuum field that influences the critical

strain energy release rate in the material. We also model macroscale fracture of such al-

loys as brittle (room temperature), while at the micron scale we consider plastically

deforming processes. In this way, crack growth in brittle fracture competes with crystal

plasticity at the microscale.

The statistical effects of material heterogeneity in short-crack growth for alloys and

superalloys have remained elusive: While it is well known how alloying processes pro-

duce several precipitates such as γ’ and γ” phases (Tian et al. 2014), it is unknown how

they influence the probability of large or small crack growth “bursts” as fatigue cycles

proceed. Motivated by basic elastic fracture mechanisms (Zehnder 2012), it is natural

to refer to the so-called “quasi-brittle” fracture, which is motivated by large-scale frac-

ture of disordered specimens, such as concrete. Early experiments of fracture on con-

crete did not obey the criteria that characterize Linear Elastic Fracture Mechanics

(LEFM) (Walsh 1972) with the ultimate conclusion (Grote et al. 2001; Schlangen 1993;

Schlangen and Van Mier 1992, and Bazant and Pfeiffer 1985) being that a nonlinear ap-

proach for predicting fracture in these materials is essential to understanding and char-

acterizing this deviant fracture behavior (Schlangen and Garboczi 1997; Bažant et al.
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1990, and Bažant and Oh 1983). While material heterogeneity of rock, concrete, wood

and ice are considered at large length scales on the order of a few millimeters (Skar-

ynski and Tejchman 2010), analogous results can be considered mutatis mutandis at

smaller length scale structural disorder in alloys and superalloys.

Quasi-brittle materials contain inhomogeneities that cannot be considered negligible

when compared to the structure size (Bažant et al. 2009). As a result, the fracture

strength of a structure may greatly depend on its size. This phenomenon, typically re-

ferred to as size effect, has been observed in many materials from bone (Evans 1973) to

concrete (Bažant 1984). However, alloys and superalloys display similar fracture charac-

teristics at much smaller scales, such as a few microns. If both concrete and alloys share

similar fracture characteristics, then it is natural to investigate whether scaling relations

for quasi-brittle materials may be applied to alloy-relevant smaller length scales. For ex-

ample, in Refs. [(Bazant and Planas 1998, Bažant 1996, and Bažant and Li 1996)], it was

suggested that quasi-brittle materials can be characterized using a scaling relation for

which fracture strength could be predicted,

σ F ¼ Bf
0
t 1þ a

a0

� �−1=2

ð1Þ

This scaling relation can be derived by asymptotic matching of the fracture stress as

a function of size, represented in Eq. (1) where σF is the fracture strength, B is a dimen-

sionless constant, f
0
t is the tensile strength, a0 is a constant referred to as the transi-

tional size, and a is the characteristic size of the structure (Bazant 1985; Bažant 1984).

Is such a scaling relation valid for superalloys and intermetallics?

Our methodology is based on the possible and viable ways to classify the short crack

growth regime by developing an experimental protocol that may cause a transition in

fracture behavior. Due to advances in microfabrication techniques, namely focused ion

beam (FIB), it is now possible to machine precise-dimensioned notches at the micron

and submicron scale to a sub-10 nm resolution (Ochiai et al. 2010; Tseng 2004). It is

realistic to envision high-throughput experiments where one machines and tests vari-

ous notch curvatures in order to observe the variety of patterns in fracture behavior.

We pursue the direction of modifying the curvature of a fixed-depth notch where it is

naturally expected that the notch will influence fracture only after it becomes sharp

enough, defining a quasi-brittle-to-brittle transition as a function of notch curvature.

At which length scale does the material’s structural disorder cause a transition from

brittle to quasi-brittle fracture behavior? In this paper, we attempt to find and

characterize this transition as a function of the notch curvature.

Crack initiation from a notch is commonly believed to be controlled by pure elasti-

city. However, heterogeneous materials contain inhomogeneities that may contribute as

much to fracture as a notch. If the notch curvature decreases, the stress concentration

at the notch root will decrease and, as a result, stress shall redistribute within the bulk

of the material. Notched, brittle and homogeneous materials have been intensely stud-

ied (Williams 1952), while the effects of a notched geometry in heterogeneous materials

has been of more recent focus, with studies as function of the notch length and open-

ing angle (Carpinteri 1987; Carpinteri et al. 1996; Dunn et al. 1997a; Dunn et al. 1997b)

or in simplified models of fracture (Alava et al. 2009). However, the interplay between
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structural disorder and notch geometry has not been studied, especially in a microme-

chanical model that properly captures elasticity, plasticity and damage as mechanical

load is applied on a sample.

In this work, we study a continuum micromechanical model of a structurally disor-

dered material. We simulate a transition from notch-driven crack initiation, character-

istic of LEFM, to bulk crack nucleation, characteristic of quasi-brittle fracture, using a

model material that resembles a brittle material that may plastically deform at the mi-

croscale. We use an integrated spectral phase field approach coupled constitutively to

elastoplasticity through the Düsseldorf Advanced MAterial Simulation Kit (DAMASK)

software (Roters et al. 2019). Elasticity and crystal plasticity are modeled through typ-

ical constitutive laws that take into account grain orientation, crystalline structure, and

slip systems (Asaro 1983). Through the application of this multiscale, micromechanical

analysis, the microstructure can be linked to the macroscopic response. In this paper,

we perform extensive simulations of a notched specimen with dimensions: Lx x Ly x Lz
~ (8 μm x L μm × 1024 μm). The test samples have an assumed length scale of 1 mm

per 256 unit representative volumes (each unit corresponds to ~ 4 μm). Lx and Lz are

held constant at 8 μm and 1.0 mm, respectively, and Ly is varied from 0.25 mm to 1.0

mm. This particular resolution is chosen for purely numerical reasons, so that a sam-

pling rate of 20 initial disorder realizations per parameter combination becomes pos-

sible. For this system size, fracture is completed in less than 24 h in 4 Intel Xeon E7

computer cores. The ellipsoidal notch is placed along the y-axis at the edge of the spe-

cimen, and the major axis, a = Ly/8 = 64 μm, is held constant throughout this study.

In order to observe the transition from notch-driven crack initiation to bulk-induced

crack nucleation, the notch width, W, is varied from 16 μm to 0.5 mm, by decreasing

the radius of curvature. In order to modify in a generic fashion the microstructural pro-

pensity to fracture and introduce a particular disorder length scale, we consider the

quenched stochastic contribution of the local critical strain energy release rate GC that

controls the rate of local damage accumulation, and we define the variance ratio of this

disorder parameter as RG = δGC/<GC>. For the generation of spatially continuum and

stochastic disorder, we use the Weierstrass-Mandelbrot function (Shanthraj et al. 2011)

in which the fractal dimension, D, is set at either 2.85 or 2.995. The fractal dimension

specifies the “smoothness” of the continuous W-M function in space and if the value of

D is larger than 2, then the function is a fractal. For our purposes, local sharpness of

the function becomes practically significant when D > 2.6. The W-M function is used

to impose a disorder distribution in the value of the material property, GC, that controls

the damage evolution in the phase-field model. For every combination of (RG, W), we

consider high-throughput simulations (20 realizations per case) in order to statistically

sample microstructure fluctuations.

In what follows, we describe the main outcomes of our study. In Section 2, we ex-

plain the continuum model, its disorder distribution generation, and the overall phase

field approach. In Section 3, we discuss the key simulation results and in particular, the

features of the dynamical transition that is induced by a notch with variable curvature.

Finally, in Section 4, we present our conclusions about the importance of this work and

possible future directions. In Section 5, we present the abbreviations used in the manu-

script, in Section 6 we display some declarations, and the manuscript ends with a list of

references.
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The model: material disorder, phase-field damage and crystal plasticity
In this work, we use a phase field model for a thorough continuum simulation of elasti-

city, plasticity and damage in three-dimensional mechanics. This model is implemented

through an open-source software (Roters et al. 2019). that utilizes a continuum phase

field model for material deformation and damage evolution within the sample. For de-

tails in the open-source numerical software, it may seem useful to consult Ref. (Roters

et al. 2019). In this work, we use a spectral method to solve for the elastic and phase-

field equations, using Fast Fourier transforms (FFT). Spectral methods are very stable

numerically, especially for handling structural disorder. However, this spectral character

requires a rectangular-gridded mesh and periodic boundary conditions in all spatial di-

rections. In the horizontal direction, we apply a layer of air (as an elastic material with

infinitesimal elastic coefficients) in contact with the notched surface of thickness

64 μm. The layer of air is in contact to the specimen from both left and right directions.

The thin layer of air has no effect on the mechanics of the specimen, given that de-

formation fluctuations in the y-direction are small in comparison to the air layer thick-

ness. Given that loading is in the z-direction, the deformation in the y-direction is

infinitesimal, so modeling in the y-direction is consistent. In the vertical (and z) direc-

tions, the sample is periodic, thus is assumed practically bulk/infinite in these

directions.

Phase field approach

In this work, we utilize a phase field approach (Aranson et al. 2000) where cracks are

modeled by a phase with order parameter ϕ = 0, while the intact material has ϕ = 1.

The field ϕ couples proportionally to the elastic coefficients of the material. (see also

Additional file 1). The phase field enters an appropriately defined free energy:

ψ ¼ ψE þ ψD þ ψP ð2Þ

where ψE, ψD,and ψP are the elastic, damage, and plastic free energy contributions,

respectively.

The elastic energy is decomposed in a direct multiplicative manner to the simplest

damage contribution (ϕ2) and a pure distortion-dependent contribution:

ψE ¼ ϕ2fψE ∇Χ; Fp
� � ð3Þ

At the undamaged state, the sole energy contribution to the sample is elastic free en-

ergy. The stored elastic energy density is dependent on the product of the dissipation

potential, X, and the plastic deformation tensor Fp. As loading progresses, the strain en-

ergy release rate, G, reaches a critical point where the elastic free energy in the disor-

dered distribution, locally, is converted to damage. The critical strain energy release

rate, Gc, is how the model determines if damage has occurred. Locally, these areas will

only exhibit damage and plastic free energy (Shanthraj et al. 2016).

Damage accumulation is determined by the grid variables as the critical strain energy

release rate values are assigned. As strain increases, all energy contributions are tracked

at each incrementally-increasing strain-steps. When the damage free energy is nonzero,

ψD ¼ 1
.
2
Gcl ∇ϕj j2 þ Gc

.
l
1−ϕð Þm þ I 0;1½ � ϕð Þ ð4Þ
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where Gc and l are material constants and m is the order of the phase field potential

(typically m = 1 or 2). Gc controls the free energy contribution necessary for damage ac-

cumulation to occur, and l is the resolution length scale which corresponds to a repre-

sentative volume element (RVE) of the material (Shanthraj et al. 2016). In our

simulations, we consider a fixed resolution length l = 4 mesh units, corresponding to

16 μm, given our considered sample dimensions. As damage evolves, there is also per-

manent deformation that contributes to the plastic part of the free energy.

Quantifying the plastic free energy requires an indirect approach with the help of sev-

eral constitutive laws. The phase field equation for the plastic deformation tensor gives,

∂Fpψ ¼ −ϕ2SF−T ð5Þ

which we may reduce into the familiar slip system equation for crystalline materials,

−∂Fpψ∙˙Fp ¼
X

α
∂γα ψ ˙γα; ð6Þ

where the sum is acoss slip systems and,

∂γα ψ ¼ −ϕ2S∙ sα⨂nαð Þ ¼ τα ð7Þ

where τα refers to the shear stress along slip system a and S refers to the 2nd Piola-

Kirchoff stress tensor.

At this stage, several constitutive plasticity laws are required: For estimating the plas-

tic deformation tensor and its rate, we iteratively solve: ˙Fp ¼ Lp Fp . Lp is a function of

the slip rate along each slip system ˙γα,

Lp ¼
X

α
˙γαsα⨂nα ð8Þ

where s and n being the unit vectors along the slip direction and slip plane normal, re-

spectively, and α is the index of a slip system. We consider all 12 FCC slip systems

which may become active in our single crystal with fixed crystalline orientation. The

slip rate ˙γα is given by the basic phenomenological crystal plasticity constitutive equa-

tion (Asaro and Lubarda 2006),

˙γα ¼ ˙γo
τα

gα

����
����n sgn ταð Þ ð9Þ

where ˙γo is the reference shear rate, τα = S ∙ (sα⨂ nα), n is the stress exponent and gα is

the slip resistance stress for a slip system α. In this formula, the hardening rate is pro-

vided by another phenomenological crystal plasticity constitutive law:

˙ga ¼
X12

β¼1
˙γβh0 1−

gβ

gα∞

����
����
w

sgn 1−
gβ

gα∞

� �
hαβ ð10Þ

where w and h0 are hardening parameters, gα∞ is the saturation stress, and hαβ is the

hardening matrix which captures the interactions between different slip systems (Shan-

thraj et al. 2016).

Heterogeneous microstructure generation

We identify disorder in terms of the variability for the critical strain energy release rate

Gc. We assume throughout that Gc displays local, quenched and continuous fluctua-

tions, as it would naturally happen in a multi-phased disordered metal alloy or a
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fatigued specimen. Namely, we assume that δGc→ 〈Gc〉 + ΔGc(y, z) and the local fluctu-

ations ΔGc(y, z) are given in space through a W-M function with an autocorrelation

length scale of 160 μm at a given fractal dimension D (see Fig. 3g). The autocorrelation

length scale corresponds to the spatial distance where the W-F function fluctuations

are practically decorrelated. The autocorrelation length is ultimately decided by the W-

M function’s parameter combination. The W-F’s autocorrelation length scale is chosen

so that a transition due to the notch width becomes visible for the parameter ranges

that are chosen in this work and remains fixed across all simulations. The experimen-

tally relevant parameter that is tuned in these simulations is the degree of relative dis-

order fluctuations, or in other words the width of the distribution of Gc with respect to

the average critical strain energy release rate. If we define the standard deviation of the

distribution as δGc, then the important quantity to investigate would be RG = δGc/〈Gc〉.

In the next section, we discuss how this phase field model in a realistic elastoplastic en-

vironment can cause crack initiation and fracture at various notch widths and disorder

strengths, keeping 〈Gc〉 fixed but changing the disorder ratio RG.

The W-M function allows for modeling of structural disorder using microscopic

roughness in the energy required for local damage increase. More specifically (Weier-

strass 1895; Mandelbrot 1979).

ΔGc y; zð Þ ¼ L
G
L

� �D−2 lnγ
M

� �1�
2XM

m¼1

Xnmax

n¼0
γ D−3ð Þn

� cos ϕm;n

� �
− cos

2πγn y2 þ z2ð Þ1
�
2

L
� cos tan−1

z
y

� �
−
πm
M

� �
þ ϕm;n

2
4

3
5

8<
:

9=
;

ð11Þ

Within the W-M function, the parameter tuned throughout the paper is G, which is

chosen so that RG is the control parameter. All other parameters (γ, M, L, nmax) remain

the same (3, 5, 256, 4) across all simulations of this work and φm,n are flat random in

[0,π]. Their choice controls the overall form of the W-M function (Mandelbrot et al.

1984). The fractal dimension, D, exhibit a strong influence on the spatial fluctuations

in the energy and stochastic characteristics (Mandelbrot et al. 1984; Shanthraj et al.

2011, and Carney and Mecholsky 2013). The physical meaning of the other (than G, D)

parameters that help manipulate the fracture behavior, is: L is the sample length, γ is a

scaling parameter, M is the superposed ridges used to construct the surface for its

roughness, φm,n is a random phase with m and n (nmax) defining the ridge and fre-

quency index, and y [m] and z [m] correspond to locations in space.

The choice of the W-M function for the generation of structural disorder serves the

purpose of making the high-throughput simulations of this work efficient and well con-

trolled. The W-M function satisfies the features of continuity, smoothness, as well as

jerkiness, so that the numerical spectral solver achieves convergence in reasonable

simulation time intervals. Namely, given that W-M is always smooth at the resolution

scale for the given parameters, DAMASK’s FFT spectral convergence is always

achieved. Moreover, the large fractality (D➔3) guarantees very sharp local features in

the sample. W-M functions are efficiently calculated and they are simply controlled by

just few parameters.
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Nevertheless, the choice of the W-F function for the generation of structural disorder

fluctuations is not unique: It is worth noting that another plausible choice for the im-

plementation of structural disorder across a sample is the choice of locally random pa-

rameters (from any stochastic distribution, e.g. Weibull or Poisson) (Alava et al. 2009)

which should be eventually smoothened for the purposes of this implementation (if the

disorder is not spatially smoothened, the current simulation technique has been noticed

to display very inefficient convergence rates). For the choices of this work, the process

of smoothening introduces additional spatial correlations and artifacts, that are not well

controlled or understood. For these reasons, we believe that the W-M function is

ideally suited to the structural disorder implementation in the DAMASK model.

Simulation results

We investigate a typical mode-I crack initiation scenario, where a thin film of dimen-

sions (8 μm x L μm × 1024 μm) is loaded along the long z-direction at a displacement

controlled loading rate of 10− 1/s. The sample also contains an elliptical notch at the lo-

cation where z is centered (see Fig. 1). The objective of the simulations is to identify

characteristic effects of a stochastic damage distribution and how it may contribute to

the fracture mechanics of the specimen. When crack initiation occurs, the natural out-

come is to occur at the notch for brittle materials, given that the stress magnitude is far

higher at the notch tip than any place in the bulk, allowing failure to occur at this

point. However, the induced disorder distribution in the specimen could allow for crack

nucleation away from the tip of the notch. The material parameters of the model are

shown in Table 1 and discussed in the Additional file 1.

Simulations (not shown) were conducted at several fractal dimension values to deter-

mine a particularly chosen value for D(=2.85) so that the fluctuations in the critical

strain energy release rate would affect the crack nucleation and propagation behavior.

We will be only studying two cases throughout this work (D = 2.85 and 2.995). The

choice of the fractal dimension was promoted by the condition that sharp structural-

disorder features in the material’s bulk generated higher Von Mises stresses than

stresses generated due to discretization issues near the sample boundaries (see also

Additional file 1). The fractal dimension is important in that crack initiation is not

caused by discretization artifacts near the sample boundaries, which naturally lead to

artificial stress concentrations. If the fractal dimension is too low (D➔2), then crack

initiation takes place due to the fact that the notch is resolved into the simulation’s

cubic grid. (see also Additional file 1 for more details). We investigate a range of variances

δGc, so that the ratio RG is sampled thoroughly in the physically relevant region [0,1].

The competition between the spatial fluctuations of G (due to spatially varying δGc) and the

length scale associated with the notch, becomes evident in the increase of the notch curvature.

Figure 2 shows the damage (where 1 is undamaged and 0 is fully damaged) and stress (Pa) dis-

tributions for initial crack widths of 16 μm, 128 μm, and 0.5mm. In this case, there is a transi-

tion from notch-driven crack initiation to quasi-brittle crack nucleation in the material’s bulk.

Crack initiation for fixed notch width as function of increasing local critical strain energy

release rate’s variance

Analogously to other works (Bazant and Planas 1998; Alava et al. 2008), the increase of

disorder leads to the onset of quasi-brittle behavior, namely crack nucleation initiates
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at bulk locations, where the weakest sites exist. Here, we investigate this phenomenon

in the presence of a notch, and in the context of our continuum phase-field model and

through the use of the W-M function towards the disorder distribution generation.

Figure 3 depicts a progression of increasing RG. As RG➔0, the fluctuations in the crit-

ical J-integral value, JIc, will be relatively small leading to elastic response. As RG➔1, the

variation in the critical strain energy or material fracture toughness will overcome the

elastic stresses originating from the notch curvature in inducing damage.

Fig. 1 Model Geometry & Disorder: The thickness of the sample, Lx = 8 μm, the width of the sample Lz = 1.0
mm, the length of the sample, Ly = 0.5 mm. The layer of air has thickness d = 96 μm, and the notch is an ellipse
with constant major axis of a = 64 μm.. Here, the notch width W is 128 μm, but it is varied throughout this
work. Similarly, the disorder ratio in this example is RG = 0.2

Table 1 Phase parameters used in the simulations for the model material (Tikhovskiy et al. 2007)

Property Value (Model Material) Units

C11 106.75 GPa

C12 60.41 GPa

C44 28.34 GPa

˙γ0 1.0 × 10− 3 s−1

n 20

g0 31 MPa

g∞ 63 MPa

a 2.25

h0 75 MPa

hαβ 0
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Physically, the RG value allows one to control the variation in the toughness of the

material. We choose the mean critical strain energy parameter, Gc, of the material to be

a value of 200 kJ/m2, rendering the sample quite brittle. As Fig. 3 shows, our simula-

tions are performed in such a way that the average Gc remains relatively constant as we

modify the variance of Gc. In Fig. 3, the distribution for RG = 0.8 and W= 0.125 mm ex-

hibits a much larger variation in the range with parts of the distribution having higher

values of critical strain energy release rate, indicated by red, versus lower values of crit-

ical strain energy release rate, indicated by shades of blue. Furthermore, panel (e) refers

to the histogram of the critical strain energy release rate.

Fig. 2 Effect of increasing notch width on crack nucleation: Simulations of system size of Lx = 8 μm, Ly = 0.5
mm, and Lz = 1.0 mm where D = 2.85, RG = 0.8, and (a) has a W of 16 μm (b) has a W of 128 μm (c) has a W
of 0.5 mm where the texture, damage and stress (along the loading direction σzz) distributions
are displayed
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The main parameters of the model are the ratio RG and the radius of curvature at the

ellipse notch’s horizontal location. Here, the notch has major, minor axis as a and w/2

(see Fig. 1), which lead to a curvature at the notch tip κnotch ¼ 4 a
w2.

In the presence of disorder, the crack initiation occurs typically at the initial crack tip.

In Fig. 4, crack initiation as function of disorder is shown: when the RG value is 0.05 (panel

a), while the crack initiated at another location away from the notch tip for RG of 0.2 and

0.8 from (panels b and c), respectively. It can be seen that the crack propagation was af-

fected by the increased variance in the critical strain energy release rate. At the lower dis-

order ratio distributions, the crack is rather straight and remains so as it propagates

through the specimen. However, as the disorder ratio increases, the observed trend shows

that crack nucleation occurs away from the initial notch. Then, at even higher disorder

strengths, multiple cracks begin to nucleate across the entire specimen. For the cases

where RG < 0.2, we observe that the crack propagates at the notch, but as it continues

through the specimen, the crack’s path is altered, moving through areas of lower critical

strain energy release rate as a result of the introduced disorder. There is a transition in

the behavior: At low disorder ratio RG, the specimens’ exhibit behavior that follows brittle

fracture mechanics, nucleating at the notch tip, but, at higher disorder strengths, notch-

driven fracture transitions from brittle to a quasi-brittle, disorder-driven fracture with nu-

cleation behavior that is influenced by crystal plasticity.

As we focus closer on this phenomenon with respect to disorder, we examine the damage

and stress distributions. However, it is pertinent to this discussion to look at the time of the

damage accumulation that causes crack initiation by considering various snapshots during the

loading of the specimen for the case ofW=0.125mm and RG = 0.8.

Figure 5 exhibits the fracture behavior as tensile load increases. The undamaged

phase, (a), is used as a comparison with the progression of damage and stress

Fig. 3 Disorder distribution for local fracture tendency and spatial profiles: The progression of the disorder
ratio, RG, for W = 0.125 mm with a system size of Lx = 8 μm, Ly = 0.5 mm, and Lz = 1.0 mm where (a) has a
disorder ratio of 0.1, (b) has a disorder ratio of 0.2, (c) has a disorder ratio of 0.4, (d) has a disorder ratio of
0.8, (e) and (f) are the probability density function (pdf) and cumulative distribution function (cdf), respectively,
of the fluctuating phase field energy parameter of each node vs. the phase field energy parameter, and (g) is
the autocorrelation lengthscale of the W-M function. The saturation of the autocorrelation function may be
thought as the disorder correlation length (Alava et al. 2009)
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distributions. As load increases, the next phase, (b), reveals that damage has occurred

in the bulk of the sample and the stress has increased at the notch tip. Stress is begin-

ning to increase at multiple locations throughout the sample where the critical strain

energy release rate is lower compared to the mean. As loading further continues, dam-

age accumulates and crack initiation occurs, but crack initiation occurs at multiple lo-

cations on the sample, as can be seen in panels (c), (d), and (e). There are several

factors that determine the character of the crack(s) that eventually propagate(s) through

the specimen. Crack features are determined by material properties like critical strain

energy release rate, stress distribution at the current load step, statistical modelling,

and proximity to other inclusions.

Fig. 4 Effect of increasing disorder strength on crack nucleation: Simulations of system size of Lx = 8 μm,
Ly = 0.5 mm, and Lz = 1.0 mm where D = 2.995, W = 0.125 mm, and (a) has a RG of 0.05 (b) has a RG of 0.2 (c)
has a RG of 0.8 where the disorder, stress and damage distributions are displayed (top, middle,
bottom respectively)
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Width of notch and its effects on crack initiation and propagation

For our simulations, we analyze the behavior under Mode I fracture where tension or

compression is used to initiate a crack. LEFM is used to approximate the stresses at the

crack tip. However, it is well recognized that this model is inaccurate in a limited re-

gion of the Fracture Process Zone (FPZ) (Bažant and Yu 2004). The small scale yielding

model for the size of this region can be approximated so that the stresses outside the

process zone are accurate. For an ellipsoidal crack shape with initial crack length a, the

stress intensity factor at the tip can be approximated by KI ¼ σ∞
ffiffiffiffiffiffi
πa

p
(where σ∞ is the

tensile stress that the sample is subjected to). As the length of the crack increases, the

stress intensity factor at the crack tip will increase. However, crack propagation only

occurs in the event that stress intensity factor, KI, is greater than the critical stress in-

tensity factor, KIC (Zehnder 2012). Due to the existence of spatial disorder in the elastic

energy release rate, crack initiation occurs within the material bulk due to lower frac-

ture toughness values compared to the notch tip.

At relatively low disorder strengths and low notch widths of 64 μm or less, crack

initiation occurs at the notch, but as the notch width W increases, the location of

crack nucleation will deviate from this behavior. Figure 6 shows the crack propaga-

tion behavior of disorder strength, RG = 0.2, with respect to the various crack

widths of 16 μm, 64 μm, 0.25 mm, and 0.5 mm. The load case and disorder distribu-

tions for these samples were held constant across the simulations. However, there

Fig. 5 Stress and damage progression in a disordered, notched, crystalline sample: Simulations of system
size of Lx = 8 μm, Ly = 0.5 mm, and Lz = 1.0 mm where D = 2.995, W = 0.125 mm, and RG = 0.8 where (a) is
the undamaged phase, (b) is the early damage phase, (c) is the late damage accumulation phase, (d) is the
multiple crack nucleation event, and (e) is the crack propagation where the damage and stress distributions
and are displayed (top, middle), respectively, and (f), (g), and (h) are the average stress (Pa) vs. strain,
average damage vs. strain, maximum von Mises stress (Pa) vs. strain (bottom) respectively, where the five
locations are identified on the curves
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is varying behavior in the crack nucleation location and, as a result, the crack

propagation behavior. Upon examination of (c) and (d), the radius of curvature is

much larger, allowing for lower stresses at the notch tip compared to the rest of

the stresses present in the sample. Instead of crack initiation at the notch tip, nu-

cleation occurs at a location where the critical strain energy release rate in the

phase field energy distribution is statistically lower than the critical strain energy

release rate at the notch tip. This behavior is observed across the same disorder

strength with increasing notch width, and shows that there is a transition from

brittle, notch-driven fracture to quasi-brittle, disorder-induced fracture. As a result,

the initial notch width in the specimen can be concluded to have a characteristic

effect on the crack initiation and propagation behavior.

Average stress and damage through the transition from brittle to quasi-brittle behavior

The transition in the fracture behavior is observed in terms of the average and max-

imum stresses, average damage, and crack initiation location. It is important to note

that the stress at the notch tip, in the absence of disorder, is (Inglis, 1913):

Fig. 6 Effect of notch width on crack initiation in a disordered crystal: Simulations of system size of Lx =
8 μm, Ly = 0.5 mm, and Lz = 1.0 mm where D = 2.995, RG = 0.2, and (a) has a W of 16 μm (b) has a W of
64 μm (c) has a W of 0.25 mm (d) has a W of 0.5 mm where the texture, stress and damage distributions are
displayed (top, middle, bottom)
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σmax ¼ σ∞ 1þ 2
ffiffiffiffiffiffiffiffi
a=ρ

p	 

ð13Þ

Where the stress at the tip of the notch, σmax, is a function of the applied stress, σ∞,

the radius of curvature, ρ, and initial crack length, a. The applied stress is the tensile

stress response of the sample as it is incrementally loaded at the specified strain rate.

The radius of curvature, ρ = b2/a, is a function of the initial crack length and the width

of the notch, W = 2b, given that the minor axis of an ellipse is 2b. Inglis’ solution ex-

pands on the previous work done by Kirsch where he analyzed the solution for a circu-

lar notch in the center of a specimen and found the stress around it to be

proportionally σmax ~ 3σ∞ (Kirsch 1898). Thus, the stress at the tip of the ellipse is pro-

portional to the radius of curvature at the tip.

At the point of crack nucleation, there is an event in which the stress decreases

sharply. This is, typically, described as an avalanche where a brittle crack begins to nu-

cleate. In Fig. 7, at lower disorder strengths, the slope of each maximum stress curve is

initially increasing steadily for each individual notch width. As disorder and notch

width increase, this characteristic, indicative of brittle fracture, begins to soften and dis-

appear. Instead, it is replaced by a sharp increase in maximum stress profile as the

crack nucleates. Furthermore, after the crack nucleates, there are stochastic events

which create avalanches. As deformation continues, the maximum stress continues to

obtain high values at the crack tip. Once the crack tip develops, the radius of curvature

at the tip becomes very sharp, leading to very high stresses. Due to the discretization

unit, a minimum radius of curvature is allowed for the crack tip in the simulation. As

Fig. 7 Effect of disorder on maximum stress along loading z-direction: The maximum stress of samples of
Lx = 8 μm, Ly = 0.5 mm, and Lz = 1.0 mm where D = 2.995 as a function of the average strain with respect to
RG where (a) has a RG = 0.0, (b) has a RG = 0.1, (c) has a RG = 0.2, and (d) has a RG = 0.4. Naturally, there is
observed stochasticity due to the fact that maximum stress reflects the disorder distribution (Alava et al.
2009). The figure legends signify the notch width W that varies from 0.25 to 128 μm
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the crack propagates, the discretized unit ahead of the crack tip experiences the great-

est increase in stress and quickly satisfies criterion for damage in the phase field. Once

the crack is initiated and begins to propagate, the specimens for a single disorder

strength obtain similar peak values for the fractured tip. As seen in the stress progres-

sion of Fig. 5, once the crack nucleates, the stress profile concentrates at the tip of the

crack. After complete failure, the maximum stress decreases sharply to a residual value.

At higher disorder strengths, the maximum stress curves fail to exhibit any of the same

trends that the lower disorder strength curves do. The maximum stress values across

all notch widths at RG = 0.2 and RG = 0.4 show larger variation in the peak maximum

stress values not consistent with the lower disorder strengths. Furthermore, the initial

maximum stress decrease at crack initiation dampens out as notch width and disorder

strength increase.

At lower disorder strengths, the average stress follows the typical brittle fracture re-

gime with no avalanches or fluctuation in the decreasing average stress. Also, the aver-

age stress required for fracture increases as the notch becomes shallow (see Fig. 8): Due

to the decreasing curvature at the notch tip, the sample requires a larger applied tensile

load for damage to occur. At higher disorder strengths, the average stress enters this

quasi-brittle fracture regime where there are avalanches as the sample reaches its peak

average stress and crack nucleation occurs. Furthermore, this regime, also, produces

fluctuations as crack propagation occurs. We focus on the behavior near this brittle-

quasi-brittle transition.

Overall, the crack initiates at the notch tip when the local critical strain energy re-

lease rate is reached and average stress begins to decrease. The average stress curve’s

response to this event is that the stress decreases relatively quickly, giving brittle

Fig. 8 Effect of disorder on average stress: The average stress of the specimens of Lx = 8 μm, Ly = 0.5 mm,
and Lz = 1.0. mm where D = 2.995 as a function of the average strain with respect to RG where (a) has a
RG = 0.0, (b) has a RG = 0.1, (c). has a RG = 0.2, and (d) has a RG = 0.4. The figure legends signify the notch
width W that varies from 0.25 to 128 μm
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signatures. In Fig. 8, the behavior of the samples can be characterized as brittle when

observing the average stress curves at the lower disorder strengths from (a) and (b). At

lower disorder strengths, the sample obtains a small, residual average stress value after

complete failure and follows the expected trend: As notch width increases, the max-

imum average stress increases before crack initiation occurs at the notch tip. With the

increasing radius of curvature, the sample exhibits a plastic characteristic: As the strain

is increased, there is no increase with respect to the average stress. However, as the dis-

order strength increases, the maximum average stress values decrease for higher crack

widths and crack initiation occurs earlier in the load case. The fluctuation at which this

response occurs is of importance to classifying the fracture behavior. Furthermore, the

curves appear to collapse on each other, displaying similar quasi-brittle fracture behav-

ior. Through these identifications, and taking into account all evidence compiled in our

work for all studied parameter combinations, we can infer a phase diagram for the re-

gime where quasi-brittle fracture emerges (see Fig. 9).

In addition, the event size of fracture displays a characteristic effect that indicates

brittle or quasi-brittle fracture. The measured event size for a brittle sample exhibits a

single large stress drop where failure occurs. However, samples that experience quasi-

brittle fracture often exhibit multiple stress drops. Therefore, we consider not only the

stress event size, but the number of events with their corresponding stress drops.

As the disorder ratio increases, the average stress curves transition from brittle to

quasi-brittle fracture, as expected. Figure 10 shows the characteristic difference between

brittle and quasi-brittle samples: Brittle samples with low disorder only have a single

stress event during fracture where stress events are defined as significant stress drops

in the average stress profile. In contrast, quasi-brittle samples are seen to have multiple

stress events in Fig. 10a. Though one stress event dominates fracture, the precursor

events still have significant stress drops that must be considered. Furthermore, in

Fig. 10b, the stress events demonstrate clear insensitivity in the average maximum

stress at similar strain values.

Quasi-Brittle

Brittle

Fig. 9 Phase diagram of the studied model
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Characterizing the effect of increasing the critical strain energy release rate variance

across several system sizes is necessary to understanding how fracture behavior transition

is impacted by the sample length, Ly. One way to indicate this is by the difference in the

maximum strain, average strain or other observables at fracture, between the very sharp

(W= 16 μm) and very shallow notch (W=0.5 mm) cases. This difference can be viewed as

an order parameter for the aforementioned phase transition. As shown in Fig. 11 for vari-

ous notch widths, the average stress curves begin to collapse on each other as the disorder

strength increases. Data was collected for three system sizes, ranging from Ly of 0.25 to

1.0 mm. Also, disorder strengths were tested for the range 0.0 to 0.8.

As we observed the behavior of the average stress curves (Fig. 8), once the maximum

average stress is reached the stress begins to decrease relatively linearly. However, the

stress does not obtain a value of zero rather a residual stress value. Figure 11a shows

the difference in average strain of the notch width W= 16 μm and 0.5 mm at the loca-

tion of which the residual stress was present. In panel (b) for both cases of Ly = 0.25

and 1.0 mm, the average stress curve of notch widths 16 μm and 0.5 mm are very simi-

lar in behavior and magnitude, collapsing on each other at approximately same disorder

strength. The behavior of these curves exhibit a much shaper decline than Ly = 0.5 mm

in the maximum difference of average stress for the notch widths. The differences are

expected for the fact that disorder is not sample averaged.

Fig. 10 Significant Stress Events for Brittle and Quasi-brittle Fracture: The number and size of the stress events
were measured as a function of RG where (a) is a series of histogram curves for various W and (b) is a plot of
the event size for various W. The figure legends signify the notch width W that varies from 16 to 256 μm

Fig. 11 Difference in spatially maximum strain and average stress as a function of disorder strength and
maximum and minimum crack width: (a) the difference in the maximum strain of the notch width of
16 μm as a function of disorder (b) the difference in the peak average stress of the notch width of 0.5 mm
as a function of disorder
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In Fig. 12, the average damage is plotted as a function of the average strain. The dis-

order strength increases from 0.0 to 0.4. At lower disorder strengths, the behavior is

consistent with the observations made in regards to the average stress where it can be

characterized as brittle fracture behavior. Also, at relatively low disorder strengths be-

fore the transition, the average damage increases as the notch width increases and the

crack initiation occurs at a larger strain. The relationship between maximum achieved

average damage and the crack width may be described by considering that the strain

value at the crack nucleation for higher crack widths is greater than those in the lower

crack width’s crack nucleation strain values. For lower disorder strengths, where a sin-

gle crack initiates at the notch tip, the average damage corresponds proportionally to

the crack length as no other damage occurs but at the crack tip, as it propagates.

Figure 13 shows the plots of the dimensionless parameter for the rate of change of

the average stress (namely
ffiffi
ρ

p
Δσzz

KIC
with ρ the notch radius of curvature) versus incremen-

tal step. These plots may be viewed as avalanche timeseries, analogously to other com-

plex systems (Papanikolaou et al. 2017). (Here, the critical stress intensity factor can be

defined as function of the maximum average stress, σ∞, maximum, and the crack length,

a: KIC ¼ σ∞;maximum
ffiffiffiffiffiffi
πa

p Þ.
Since the simulations are displacement controlled, the behavior of the plots remains

unaltered when considering an increment of the average strain across the sample. Fun-

damentally, the derivative of the average stress plots would show a constant value, ini-

tially, as the constant slope of elastic stress remains consistent with the increasing load

case. However, after complete failure, the rate of change in the average stress exhibited

across all simulations is large. The sharp increase in the rate of change of average stress

Fig. 12 Effect of disorder on average damage: The average damage of the specimens of Lx = 8 μm, Ly = 0.5
mm, and Lz = 1.0 mm where D = 3.995 as a function of the average strain with respect to RG where (a) has
a RG = 0.0, (b) has a RG = 0.1, (c) has a RG = 0.2, and (d) has a RG = 0.4. The figure legends signify the notch
width W that varies from 0.25 to 128 μm
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Fig. 13 Dimensionless, instantaneous rate of change of the average stress: The dimensionless term for the
instantaneous rate of change of average stress of system sizes Lx = 8 μm, Ly = 0.25 mm, and Lz = 1.0 mm
where D = 2.995 as a function of the incremental step with respect to RG where (a) has a RG = 0.0, (b) has a
RG = 0.1, (c) has a RG = 0.2, and (d) has a RG = 0.4. . The figure legends signify the notch width W that varies
from 0.5 to 128 μm

Fig. 14 Quantification of the fluctuations at crack nucleation and growth of average stress: Simulations of
sample size Lx = 8 μm, Ly = 0.5 mm, and Lz = 1.0 mm where D = 2.995 and W = 64 μm as a function of the
average strain where (a) is the average stress vs. average strain, (b) is the zoomed-in view of the fluctuations for
disorder strengths 0.4 and 0.8, and (c) is the difference in the rate of change of the average stress and the initial
rate of change of linear increase in average stress vs. average strain. . The figure legends signify the disorder
variance ratio RG that varies from 0.0 to 0.8
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occurs at about a magnitude of 102 kPa before the parameter becomes dimensionless.

This observation indicates that the crack has fully propagated through the sample and

the average stress has dropped to values at which it is considered the residual stress. As

the disorder strength increases, the event of complete failure across all crack widths be-

gins earlier in the load case. In panel (a), the rate of change in average stress appears to

exhibit the same general trend as the average stress curve. As the disorder strength is

increased, the change in the average stress begins to exhibit the same stochastic behav-

ior of the respective disorder strengths. These abrupt crack-initiation events correspond

to avalanche precursors to crack initiation in the model we investigated. The precursors

become larger and more intricate as RG increases, and may amount to 1-5MPa for the

model material (c.f. Figure 14), observable range in typical experimental set-ups (Ritchie

and Peters 2001).

Conclusions
A model material is developed to obtain a better understanding of the realistic response

that a structurally disordered specimen would undergo in mode I fracture loading con-

ditions. Manufacturing and processing promote such structural disorder fluctuations in

material properties at the microscale. The Weierstrass-Mandelbrot function was imple-

mented in a material simulation software (Roters et al. 2019), towards the investigation

of crack initiation in disordered microstructures that may deform elastically and plas-

tically. For brittle fracture, the theory of fracture mechanics expects that crack initiation

would occur at the notch tip and this behavior is, also, exhibited at lower disorder

strengths where the critical strain energy release rate variance is not large enough to have

an effect on the initial crack nucleation location. However, at higher disorder strengths,

the critical strain energy release rate variance is large enough to induce crack nucleation

on the bulk sample where stresses are higher than those present at the notch tip. The

purpose of increasing the disorder strength in the material simulations was to identify the

transition of brittle to quasi-brittle fracture behavior at a metal’s microscale.

In this work, we showed that there is a relationship of the fracture behavior between

notch-driven (geometry-based) and disorder-driven (material-based) fracture where it

transitions from brittle to quasi-brittle fracture behaviors for crack nucleation and

propagation. These simulations demonstrate that there are observable avalanche pre-

cursors that could be tracked in experimental efforts through well controlled experi-

mental setups by regulating the geometry of a notch. It is plausible that the magnitude

of these avalanche precursors extend into a non-trivial scaling function that can be

used throughout the critical regime; if that’s the case, as this work suggests, then it

should become possible to utilize these events towards safe and non-invasive prediction

of crack initiation in intermetallics and other disordered brittle materials.
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